Abstract-In this note, we consider the problem of motion and shape estimation using a camera and a laser range finder. The object considered is a plane which is undergoing a Riccati motion. The camera observes features on the moving plane perspectively. The range finder camera is capable of obtaining the range of the plane along a given "laser plane," which can either be kept fixed or can be altered in time. Finally, we assume that the identification is carried out as soon as the visual and range data is available or after a suitable temporal integration. In each of these various cases, we derive-to what extent motion and shape parameters are identifiable and characterize the results as orbit of a suitable group. The note does not emphasize any specific choice of algorithms.
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I. INTRODUCTION
An important problem in machine vision, particularly in problems that relate to parameter estimation with a multiple sensor, it is important to be able to characterize to what extent motion and shape parameters can be identified. For example, in mobile robotics, one considers a mobile robotic platform carrying a set of sensors in the form of a charge-couple device (CCD) camera and laser range finder. The goal of the platform is to move around and observe stationary or moving objects in the environment, estimate the shape of the object and to estimate the associated motion parameters.
Earlier literature in this problem area specifically concentrated on solving the problem using CCD cameras alone [1] , [3] , [7] , [8] , [11] - [13] , [15] , [16] . In recent years, (see [14] ), attention has gone back to using a single camera with parameter that can be identified possibly up to a depth ambiguity. Additionally, one uses a laser range finder to identify the unknown depth parameter and the hope is that a single CCD camera together with a range finder can identify parameters uniquely. This point of view is investigated in details in this note. We have considered three different motion models and two different configurations of the range finder, one in which the laser plane remains fixed and the other in which the plane can be altered in time. In each of these cases, we obtain the extent to which motion and shape parameters can be identified. Of course, our results are independent of the choice of specific algorithm that would be required to carry out the identification.
II. BACKGROUND AND PROBLEM FORMULATION
In this section, we begin by describing the basic underlying motion and shape estimation problem that has already been considered in [4] and [5] . Let (X; Y; Z) be the three coordinates of IR 3 and let us con- 
It is easy to see that the 4 2 4 matrix A in (2.2) is completely arbitrary except addition by a diagonal matrix of the form I, for any scalar . Thus, without any loss of generality we assume that trace A = 0.
We assume that a CCD camera observes feature points (X; Y; Z) on the plane (2.1) by projecting onto the image plane of the camera using a "perspective" projection model. If the image plane has coordinates given by (x; y), we have
3)
The dynamics of the projection of the feature point on the image plane is described by contained in a laser plane (see Fig. 1 The Plücker coordinates (2.8) parameterize the line (2.6) observed by the "range finder," and we shall assume that these coordinates (2. Note that the generic rank of the 4 2 4 matrix in (2.9) is 2, so that (2.9) imposes a pair of constraints on the shape parameters. The problem of motion and shape estimation with camera and range is described in Section III.
III. ESTIMATION FOR THE GENERIC CASE UNDER PERSPECTIVE PROJECTION
We consider a plane (2.1) that moves according to a dynamics of the form (2.2). We assume that feature points on the plane are observed perspectively so that the coefficients of the optical flow (2.4) are assumed to be known. It follows that the state vector:
satisfies (2.5). We also assume that at every instant of time a line (2.6) is observed by the laser range finder on the plane (2.1). It follows that the state vector (3.1) satisfies (2.9). Thus, we have a dynamical system d dt
where A is the 4 2 4 matrix in (2.2), C is the 9 2 4 matrix in (2.5) and D is the 4 2 4 matrix in (2.9). We consider the following problem. can be identified up to orbits of a subgroup of the perspective group (3.8)-(3.10), given by = 0, = 1 and Q defined by (3.6) . Note that (3.6) defines a two-parameter subgroup of GL (4) Thus, the two-parameter subset of GL(4) described in (3.6) is indeed a subgroup of GL(4).
Proof of Theorem 3.1: Our proof relies on a theorem proven in [4] that if the triple (A; C; [P(0)]) is minimal as a homogeneous dynamical system (3.2), (3.3), then the set of all triplets that produce the same output as that of (3.3) is given by the orbits of the group described by under the following set of generic conditions: b1a23 6 = b2a13 b1a32 6 = b3a12 b2a31 6 = b3a21:
Thus, under the generic conditions (3.12), the set of all triplets (A; C; [P(0)]) that would produce the same output as that of (3.3) is given by (3.5) where Q 01 is given by (3.11), indicating that these are the triplets that cannot be distinguished by the camera. We now proceed to describe the points in the orbit (3.5), (3.11) that would satisfy the constraint (3.4) imposed by the laser range finder. which is precisely the structure prescribed in (3.6).
Before we proceed, it may be useful to characterize the two-parameter orbit described by Theorem 3.1 on the space of motion parame- is the matrix (3.6) so that = q44=q11 and is appropriately defined. If we define (0) = (p(0) q(0) s(0)) T to be the initial position of the plane (2.1), the orbit on the initial position is described as follows:
(0) 7 0! (0) 0 :
An important point that is perhaps not very clear from the description so far is that the parameters ; ; ; in (3.6) can change with time because they are functions of the Plücker coordinates of the line (2.6) observed by the laser range finder, and that this line (2.6) moves in time. It follows that the orbit (3.13), (3.14) is not the same at every provided that the lines observed by the laser range finder satisfy the generic constraint It also follows from (3.13) that
implying that if b 3 6 = 0 we have
(3.17)
Recalling the structure of the vector from (3.6), it follows that (t 1 ) 0 (t 2 ) (t 1 ) 0 (t 2 ) (t 1 ) 0 (t 2 ) ( For the generic constraint (3.15) to be satisfied, the line (2.6) observed by the laser range finder has to be suitably located. In a specific experimental setup, the laser range finder is permanently fixed to a mobile platform and collects the range information along a fixed plane Dynamics described by (4.1) is called "affine motion" and the dynamics described by (4.2) is called "rigid motion," (see [5] for details). Let us first concentrate on the affine dynamics (4.1). We assume that the CCD camera observes via perspective projection in a time interval [0; T1]. We also assume that the laser range finder provides the range information at a given time t = T1. It would follow from Theorem 3.1, and from the orbit described in (3.13) , that in this case parameters can be identified up to orbit of a subgroup of (3.6) for which f remains 0.
Substituting f = 0 in (3.13) we obtain
as an additional restriction on (3.6) imposed by the affine structure of the motion dynamics in (4.1).
From (4.3), we infer that the vector " is either 0" or " is an eigenvector of A T for a real eigenvalue." We now look at these two cases separately.
When = 0, if we assume generically that ((T1) (T1)) 6 = 0 It would follow that, generically, (4.5) would never be satisfied. given fixed plane (3.19), ; ; ; and take special values described in (3.21). The generic condition (4.4) is automatically satisfied since h 6 = 0. The two vector in (4.5) reduces to (1 0 0) T and (w hq hs) T . Another special case arises when the motion dynamics is rigid as described by (4.2) . In each of these cases, parameters are identified uniquely and the details are left to the readers.
V. CONCLUSION
In this note, we use a CCD camera and a laser range finder to estimate motion and shape parameters. Often in order to get the parameter estimates, only the image data is utilized but in this note we have shown that in order to get good estimates, we should utilize the laser range finder data as well. If we compare the dimension of the parameter ambiguity, measured in terms of orbit of the subgroup, between the case wherein only the CCD camera is used (see [4] and [5] ) with the case in which additionally the laser data is also used, we can obtain Table I.
I. INTRODUCTION
This note presents novel controllability and perturbation analysis results for control systems with Lagrangian structure. The work belongs to a growing body of research devoted to the geometric control of mechanical systems. The objective is the development of coordinate-free analysis and design tools applicable in a unified manner to robotic
